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Abstract 



We study the von Neumann algebra, generated by the unitary representations of 
infinite-dimensional groups nilpotent group B^. The conditions of the irreducibility 
of the regular and quasiregular representations of infinite-dimensional groups (as- 
sociated with some quasi-invariant measures) are given by the so-called Ismagilov 
conjecture (see [1,2,9,10,11]). In this case the corresponding von Neumann algebra 
is type loo factor. When the regular representation is reducible we find the sufficient 
conditions on the measure for the von Neumann algebra to be factor (see [13,14]). 
In the present article we determine the type of corresponding factors. Namely we 
prove that the von Neumann algebra generated by the regular representations of 
infinite-dimensional nilpotent group Bq is type IIIi hyperfinite factor. The case of 
the nilpotent group Bq of infinite in both directions matrices will be studied in [6]. 
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1 Regular representations 

Let us consider the group G = B N of all upper-triangular real matrices of 
infinite order with unities on the diagonal 

Q = B N = {I + x\x= x kn E kn }, 

l<k<n 

and its subgroup 

G = Bq = {I + x E B N \ x is finite}, 

where E kn is an infinite-dimensional matrix with 1 at the place k, n G N and 
zeros elsewhere, x = (x kn ) k<n is finite means that x kn = for all (k, n) except 
for a finite number of indices k, n e N. 

Obviously, Bq = lim 5(n, 1) is the inductive limit of the group B(n, R) of 
real upper-triangular matrices with units on the principal diagonal 

B(n, R) = {I+ x krE kr I x kr E E} 

l<fc<r<n 

with respect to the imbedding B(n,W) 3 x 1— > x + E n+ i n+ i G B{n + 1, R). 
We define the Gaussian measure ^ on the group B n in the following way 

d/I b (x) = ®l< k< n(hn/n) 1/2 exp(-b kn xl n )dx kn = ®k<nd^b kn { X kn), (1) 

where b = {b kn ) k<n is some set of positive numbers. 
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Let us denote by R and L the right and the left action of the group B n on 
itself: R 8 (t) = ts~\ L s (t) = st, s,t G B N and by $ : B N i-> B N , $(/ + x) : = 
(7 + x)' 1 the inverse mapping. It is known P|1U] that 

Lemma 1 /i 6 * ~ /if, Vi G -Bq / or an ?/ se ^ & = (pkn)k<n- 

Lemma < oo, \/k < n, where 



oo , 



/cm 



5£(6)= E , 

m=ra+l U »m 

Lemma 3 ^ J_ /i 6 Vt G 5^\{e} ^ S£ n (6) = oo VA; < n. 
Lemma 4 [12J I/J5(&) = T,k<n S L0 } )(hn)~ 1 < oo, ^en [if ~ /i 6 . 

Lemma 5 [12] 27ie measure \i b on _B N zs 5^ ergodic with respect to the right 
action. 

Let a : G — > Aut(X) be a measurable action of a group G on the measurable 
space X. We recall that a measure \i on the space X is G-ergodic if f(a t (x)) = 
f(x) V£ G G implies /(x) = const // a.e. for all functions / G L l (X,n). 

Remark 6 [13J ///if ~ /i b then ^ ~ /j 6 Vi G 



PROOF. This follows from the fact that the inversion $ replace the right and 
the left action: R t o$ = $oL t Vt G 5 N . Indeed, if we denote \J (•) = /^{f" 1 ^)) 
we have (/x^) 9 = . Hence 

□ 



If jj Rt ~ /if, and /ij* ~ /it, Vt G -Bq , one can define in a natural way (see [9lfT0] ). 
an analogue of the right T R,b and left T L,b representation of the group Bq in 
Hilbert space H b = L 2 (-B N , d/if>) 

T R \ T L ' b : 5 N - C/(tf 6 = L 2 (B n ,df, b )), 

(T R ' b f)(x) = (d^ b (xt)/d^ b (x)) l ^f(xt), 
(T s L > b f)(x) = (d/i 6 (s- 1 x)/ ( i/i 6 (x)) 1 / 2 /( S - 1 x). 
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2 Von Neuman algebras generated by the regular representations 



Let 2l H < 6 = (T t R > b | t G Bq)" (resp. 2t L - 6 = (T s L ' b \ s G Sf)") be the von 
Neumann algebras generated by the right T R,b (resp. the left T L)b ) regular 
representation of the group Bq. 

Theorem 7 [12] If E(b) < oo then fif ~ //&. In this case the left regular 
representation is well defined and the commutation theorem holds: 

(% R > b )' = 2l L ' 6 . (2) 

Moreover, the operator J Mb given by 

(J,J)(x) = (d f i b (x- 1 )/d P i b (x)) 1 ^J{^) (3) 

is an intertwining operator: 

Tt b = J, b T^ b J^ t G 5 N and J^ b J, b = 2l L ' b . 

If pL^ _L pL b Vt G -Bq \{e} one can't define the left regular representation of the 
group Bq. Moreover the following theorem holds 

Theorem 8 The right regular representation T R,b : Bq \— > U(H b ) is irre- 
ducible if and only if _L //& Vs G _Bq \{0}. 

Corollary 9 TTie von Neumann algebra % R ' b is a type 1^ factor if 
1 V b Vs G 5 N \{0}. 

Let us assume now that /i^' ~ ^ Vt G £>q \{e}. In this case the right regular 
representation and the left regular representation of the group Bq are well 
defined. 

In [13] the condition were studied when the von Neumann algebra Ql R ' b is 
factor, i.e. 

% R ' b n (2l R,b )' = {AI|A G C 1 }. 
Since Tt h G (2l K ' 6 )' Vt G we have 2l L > 6 C (% R ' b )', hence 

The last relation shows that Ql R ' b is factor if the representation 
£? N x 5 N 9 (t, s) -> if ' 6 T/" 6 G £/(ff 6 ) 

is irreducible. 
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Let us denote by 2l R ' L ' 6 the the von Neumann algebras generated by the right 
T R,b and the left T L,b regular representations of the group Bq. 

%R,L,b = ( T R,b^ rpL,b | t> s e gNy, = (2t R,6 y % L,by, 

Let us denote 

Skn L (b) = E WTly fc < W - 
m=n+l °nm\ u ) 

Theorem 10 [13] The representation 

x 5 N 3 (t, s) -> ?f ' 6 T/" 6 G C/(# 6 ) 
zs irreducible if S^ L (b) = 00, Wk < n. 



Corollary 11 The von Neumann algebra % R,h is factor if S^ L (b) = 00 Vfc < 



n. 



3 Type IIIi factor 

Let us denote as before M = 2l L - 6 = (T s L > b | s G B$)", Ql R ' b = (T t R ' b \ t G B$)". 



Theorem 12 If {b) = 00, VA; < n i/ien the von Neumann algebra 21 ' 
fane? hence Ql R,b ) is IIIi factor. 



PROOF. The proof is based on Lemma [TBI and [T4| we shall prove them later. 
Using ([SJ we conclude that the modular operator A is defined as follows 

(Af)(x) = {d^ b {x)/d^ b {x~ l ))f{x). (5) 



Lemma 13 We have 

SpA = [0,oo). 

We have SpAcp = SpA = [0, 00), where 0(a) = (al, l) Hb , a G M = 2l L ' b . The 
centralizer of is defined by the equality 

M^ = {aeM I af (a) W G R} 

where erf (a) = A %t aA~ lt . For every projection e 7^ 0, e G M^, a faithful 
semifinite normal weight e on the reduced von Neumann algebra eMe = 
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{a G M; ea = ae = a} is defined by the equality 

4> e (a) = cj)(a) Va G eMe, a > 0. 

One has the formula 

S(M) = H SpA^ (6) 
where e varies over the nonzero projection of (seejl] p. 472). 
Lemma 14 The von Neumann algebra is trivial. 
In this case 

S(M) = SpA = [0, oo), 

so the von Neumann algebra (and hence algebra ^i R,b ) is type IIIi fac- 
tor. □ 

Proof of Lemma 1141 We show that 

= (A lt , T R > b | t G R, s G B^)'. (7) 
So M$ is trivial means that the set of operators 

(A u , T* b \tem,seB^) (8) 

is irreducible. To prove ([7]) we get 

M = (a G 2l L ' b | A u a = aA u , Vt G R) = (A u \ t G R)' fl 2t L ' 6 

= (A** | t G R)' n (% R ' b y = (A u | t G R)' n (T^ 6 | s G = 

(A i4 , b | i G R, s G B*)' 

Definition. Recall (c.f. e.g. [5]) that a non necessarily bounded self-adjoint 
operator A in a Hilbert space H is said to be affiliated with a von Neumann 
algebra M of operators in this Hilbert space H, if exp(itA) G M for all t G R. 
One then writes A 77 M. 

To prove the irreducibility of (A**, T R ' b \ t G R, s G B^) it is sufficient to 
prove (see [JU] p. 258) that operators f(x) 1— > xj, n f(x) of multiplication in the 
space B^ by the independent variables are affiliated to the von Neumann 
algebra 

{M+)' = (A u , T R ' b I t G R, s G Bq )". 

In this case the operator A commuting with A lt and T R ' b is operator of mul- 
tiplication by some function a(x). If we use commutation relation [A,T s R ' b ] = 
0, s G Bq we obtain a(x) = a(xs) mod/i. Using the ergodocity of the mea- 
sure fib with respect of the right action of the group Bq we conclude that 
a(x) = const mod/i i.e. A is scalar operator. 
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If we denote 

Akn = {d/ dt)T T + tEkn \ t=0 
we have (see for example [9|10llll| ) 



fc-i 



A kn = Yl X krD r n + D kn , 1 < k < U. (9) 
r=l 

The direct calculation shows that 

[A&,[A*, lnA]]=26 13 x 12 , (10) 
[A? 2 ,[A*,hiA]]=2b 13 x 13 . (11) 

Idea: to obtain in a similar way all variables x kn - 

Let us denote by X~ l the inverse matrix to the upper triangular matrix X = 

I + X = I + J2k<n XknEkn G 

X- l = {I + xY 1 =I+Y.^nE kn eB l \ 

k<n 

We have by definition X~ X X = XX" 1 = / hence 

n n 

(XX- 1 )^ = XkrX^ =5kn = Y, X kr X rn = ( X '' X ) kn , k < ( 12 ) 
r=k r=k 

hence 

n— 1 n— 1 



X 



x ^ ] X kr^ rn ^kn %kn ^ ] X kr% rn X kn ' < Ti, 



fcn 

r=fc+l r=fc+l 

and 



n— 1 n— 1 



i ^/cn ^ ] •^kr-^m -^kn ^ ] ^fcr X rn- (^^) 



fcn 

r=fc+l r=fc+l 

We can write also 



X 



n n— 1 

-1 

fcn 



x krX rn — '^ j X kr X rn . (14) 



r=fc+l r=fc 



There is also the explicit formula for x kn (see [8] formula (4.4)) x kk+1 = —Xkk+i 

n—k—l 



X 



kn 



i — ^fcn 4" ^ ] ( 1) y ] Xki 1 Xi 1 i 2 ...Xi rU , k < n 1. (15) 



r=l fc<ii<i2<...<v<n 



Remark 15 Using < f73]) we see i/iai depends only on x rs with k < r < 
s < n. 



8 



Using (fi4l) we have 



n— 1 n— 1 

•£fcn "I - X kn ^ , XkrX rn J Xkn X kn 2Xfc n ^ ] XkrX rn " 

r=A;+l r=fc+l 



Let us denote 



Using ([!]) we get 



W kn ■= W kn {x) := (X kn + X k ^)(x kn - xj). 



(16) 



(17) 



A(x) 



cxp 



(j/i b (a:) 
dii b (x- 1 

In A(x) = hn 

k<n 



k<n 



■^kn V^kn, 



exp 



- J! bknWkn(x) 



-1\2 



bkn(%kn + X kn ){Xkn x kn) 



k<n 



bkn(x kn + X k ^)[2x k n ~ {Xkn + = ^ b kn Wkn{x). 

k<n k<n 

To study the action of the operators A kn = X)*=i x rkD rn + D kn on the function 
In A(x) we need to know the action of -D pg on xj^. 



Lemma 16 We have 



_ 1 1 j -x^x^, ifk<p<q<n, 



otherwise . 



(19) 



PROOF. We prove ( 1191) by induction m p : k < p < q < n. For p = k using 
(HHP we have 



n-l 



■^ijn "~ "^fcfc ^qn i 



[Dkq, X kn ] — [D kq , X kn + X 2Tfc r X rn ] — [D kq , X kq X gn ] 

r=k+l 

so ( |T9l) holds for p = k. 

Let us suppose that (1T9|) holds for all (p, g) with k < p < s < n, k < p < q < 
n. We prove that than ( IT9l) holds also for (s, g) : s < q < n. Indeed we have 

n— 1 s 



r=fc+l 



r=fc+l 



E-i -l CE3J -i -i 
■^kr-^rs -^qn ^ks ^qn ' 

r=k+l 



□ 



9 



Using (|T9l) we get 



[Dpq, X kn + x kn] 



~ x kp x qni if k < P < Q < n, (p,q) ^ (k, n) 
0, otherwise . 



(20) 



Using (1201 we have 



[D pq , (x kn +X kn )(x kn x kn)] 



2 X kl X qn X kL if k < P < Q < n , (P, ?) 7^ ") 

2(x fcn + x^ 1 ), if (p, g) = (fc, ra) 
0, otherwise . 



Indeed, if k < p < q < n, (p,q) ^ (k, n) we have 

[Dpq, (Xkn + x kn)( X kn ~ %kn 

)] = [D pq , {X kn + X kn )(2x kn ~ {x k n + X kn ))} 

— [Dpq, (Xkn + x kn )] { 2x kn ~~ ( x kn + x kn)) ~ ( x kn + ^jfcnM^P?' (^fen X kn)] 
~ 2x kn [Dpq, (Xkn + X kn )] = 2x fep X qn X kn . 



(21) 



Lemma 17 VFe /iai>e 



0, if k < n < m 

2x km x km+ i if n = m + 1, \ <k <rn-l 

0, if 1 < k < m — 1, ra + 1 < n 

^^mn-^m+ln? if k = 171, Tl > 771 + 2 

0, if m + 1 < k < n. 



(22) 



hence 



TO— 1 



- [^mm+l> ln A ] = 2 E Wl^r 



rm^rm+l 



+ 2 £ & 



i „-i 



™ ;r mn :,; m+ln- 



r=l 



n=m+2 



(23) 



PROOF. Since 



m— 1 



4i? 
mm+1 



^ ] XrmD rm -^i -\- D 



mm+1 



r=l 



and w kn , k < n < m do not depend on x rm+ i, 1 < r < m + 1 we conclude 
that [A^ im+1 , w kn ] = for k < n < m and m + 1 < k < n. 
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Let n = m + 1, since [D rm+ x, Wk m +i] = for 1 < r < k we get 

m— 1 



m—l 

2 ( Xk m (Xkm+l + ^fc m +l) + JZ x rm x kr X km+1 X km X km+l 

r=k+l 

r=fc+l 



Similarly, for 1 < k < m — 1, m + 1 < n we get 



m—l 



[^mm+b ^fcn] — ^ ^rmP rm+li ^fcra] + [^mm+li w kn] 



r=k 

m—l 



2 ( Xk m X m+ln + ^ X rm X kr X m+ln + X km X m+ln 



r=k+l 
m—l 



2 I Xfc m + X rm%kr + ^fcm ) X m+ln ~ 0- 

\ r=fe+l / 

Finally if = m and n > m + 2 we have as before 



[^mm+b w mn\ — [-Dmm+b ^mn] — ^ X mn X m+ln- 

□ 

We consider the action of A^ m+l on In A. 
Let m = 2. Since 

[^23 > w is] = 2613X12X13, w ln ] =0, n > 4, [Af 3 , w fen ] = 0, 3 < k < n, 

we have 

-L4|j, In A] = 2613X12X13 + 2 ^ 6 2 „x 2 ~ n 1 x 3 ~ n 1 , 

n=4 

hence 

-[A*, [A*, In A]] = 2613x13, 
-[A&,[A*, lnA]] = 26i 3 xi 2 . 
The last two equations gives us Xi2,Xi 3 ^2l. 

Let m = 3. Since 

L4f 4 , iy 13 ] = 0, [Af 4 , w u ] = 2xi 3 xi4, [A§ 4 , w 2 a\ = 2x 23 x 2 4, 
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[A34, win] = [Af 4 , w ln ] = 0, [Af 4 , w 3n ] = b 3n x^x^,n> 5, 
[Af 4 , w kn ] = 0, 4 < k < n, 

we have 



■[A^, In A] = 2614X13X14 + 2624^23^24 + 2 b 3n 

n=5 



X 3n X 4n > 



hence 

-L4|, [Af 4 , In A]] = 26i 4 xi 2 xi4 + 26 24 x 24 
-[A*[A&,[A&, In A]]] =2614x14, 
-[A% 4 , [Af 4 , In A]] = 2[x 12 D 14 +D 24 ,b 14 x 13 x 14 +b 2 4X23X24\ = 2614X12X13+2624X23, 
Since Xi2,xi3 7/2l from the latter equation we conclude that X23772I. The pre- 
vious equation gives us xu r] 21 and the equation before gives X24 rj 21. Finally 
we conclude that X14, X24, X23 rj 21. 

Let us suppose that we have obtained the variables x rm , 1 < r < m — 2 and 
x m-2,m-i- We prove that we can obtain the following variables x rm+ i, 1 < r < 
m - 1 and x m _i m . 

Indeed we calculate the action of the following sequence of operators on the 
result: A m _ hm , A m _^ m _ x etc. till Af 2 . We obtain 

/m-2 \ 



[A m —i,rni [A mm +i, In A]] 2 I b r m j r \x T —\^ m x T ^ m j r \ + 6 Tra „i iTra _|_ix m „i im _[_i J , 

\r=l / 

~~ [An-2,m-lJ [■^m— 1,jti> 
/m-3 \ 

2 I ^ ' 6 r . im _|_iX r _2 J m2'r,m.+l + 6 m _2 J m+l3'm— 2,m+l J , 
\r=l / 

[^m— s,m— s+l> \A rn —s+\,m—s+2i •••[^m-l,m 

(m— s— 1 \ 
^ ] b r,m+l x r,m— s x r,m+l b m—s,m+l x m—s,m+l J i 1 — S — 
r=l / 

— [A 34 ,...[A mm+1: In A]...] = 2(6i im+ iXi3Xi im+ i+62 im ,+lX23^2,m+l+63,m+1^3,m+l), 

_ [^23> [A34, -[^mm+l! In A]...]] = 2(6i ;m+ iXi 2 Xi im+ i + 6 2 , m +lX 2 , m +l) , 

-L4f 2 , [A*, [A 3 R 4 , ...L4* m+1 , In A]...]]] = 26i >m+ ixi, m+ i. 
From the latter equation we conclude that Xi jm+ i rj 21. The last but one equa- 
tion gives us x 2 , m +i 77 21 (since £12, £i,m+i 77 21) etc. i.e : x rm+ i 77 21, 1 < r < 
m — 1. 

m—2 m—1 

[-^-m— lm+li l^mm+li In A]] [ ^ ' ^rm— "("-^m- lm+1 j 2 ^ ' b rm j r \X rm X rm +\\ 

r=l r=l 

m-2 



2 ^ ' 6 rm _|_ix rm _ix r?Tl -|- 6 m _i i?Tl ^_ix m _i jm , 



r=l 
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S1I1C6 X rrn —\ , %rrn 

r]2lforl<r<m-2 hence 21. □ 

To be sure that all this argument works we should prove that all involved 
operators are affiliated to the von Neumann algebra ML, defined by (7). For 
example if and A (and hence In A) are affiliated to the von Neumann 
algebra ML, why the operator [A^, In A] is also affiliated. In general, why the 
operators [Af 2 , [Ag, [Ag, ...[A* m+1 , In A]...]]] are affiliated? 

Remark 18 In general we do not know whether the commutator [A, B] of two 
operators A and B affiliated to the von Neumann algebra is also affiliated. 

This is the reason, why we use another approach to prove that the algebra M$ 
is trivial. 



4 The von Neumann algebra is trivial 

Since M = (A u , T^ b \ t G R, s G B$)' (see ©) it is sufficient to prove that 
the set of operators 

(A is , T t R ' b | s e R, t e B$) c 

is irreducible. 

Idea of the proof. We show that the von Neumann subalgebra in the algebra 
ML, generated by the following operators 

({2J, -..{2* A*}...}} | a G R, t u ...,t n G 5 N ), (24) 

where {a, b} := aba~ 1 b~ 1 is the maximal abelian subalgebra. More pre- 
cisely we prove that this subalgebra contains all functions exp(isxk n ), k < 
n, s G R. 

To prove the irreducibility of the algebra ML, (see proof of the Lemma 
14) we observe that if an bounded operator commute with all exp(zsx/ cn ), k < 
n, s G R then this operator itself is an operator of multiplication by some 
essentially bounded function A = a(x). Commutation relation [T f R ' b , A] = 
for all t G B^ gives us a(xt) = a(x) mod/z^ for all t. Since the measure /i& is 
Bq— right ergodic we conclude that A is trivial i.e. A = a(x) = CI. 

We note that expressions in (|24[) are the "right" analog of the left hand side 
of the expressions ([10]) and (TTTj) 

[Af 3 ,[Ag,\nA]]=2b l3 x 12 , 
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[A*, [A*, InA]] =26 13 xi 3 , 
involving generators A kn . In general, if we have two subgroups of unitary op- 
erators U(t) and V(s) with the generators A and B, to obtain the commutator 
[iA, iB] it is sufficient to differentiate the following expression U(t)V(s)U(—t): 

-—U(t)V{s)U(-t) \ t=s=Q = [iA,iB]. 

Indeed we have 

—U(t)V(s)U(-t) = U(t)iBV(s)U(-t), -U(t)iBV(s)U(-t) \ t=s=0 = 

(iAU(t)iBV(s)U(-t) -U{t)iBV{s)iAU{-t)) | t=s=0 = [iA,iB]. 
We show that more convenient analog of the commutator [iA, iB] is commu- 
tator (in the group sence) of two one-parameter groups 

{U(t),V(s)} := f/(t)V r (s)f/(t)^V(s)- 1 = U(t)V(s)U(-t)V(-s). 



Lemma 19 For the operator g of multiplication on the function g : f(x) 
g(x)f(x) in the space H b = L 2 (B N ,dfib) we have 

T t R g(x)T t ^ = g(xt), teBf. 



PROOF. We have 

V 2 / j / \ \ V 2 



□ 



Using the lemma we have 

If A is (x)T*i = A is (xt). 

Using ({TBI) we have 

A JS (x) = exp -is hn(Xkn + Xkn)[ 2x kn ~ (^fcn + X~k~n)} 

V fc+Kn 



exp ( -is ^ b kn w kn (x) ] , (25) 

fc+Kn 
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where w kn (x) = (x kn + x k ^)[2x kn - (x kn + x k l)\ (see (02J)). 

We would like to obtain the functions exp(isx kn ) using the expressions 
To simplify the situation we consider firstly the projections of all considered 
object: the measure /4 , the generators A k ^ k \ operator A( k ) algebra : = 
(Mi)w etc. on the following subspace X^ k \ k > 2 of the space B N : 



Note that 



1 134 ... X3„ 



1 212 113 ■■■ Sin ■■■ ^ 1 _ / 1 -312 -£13+^122:23 — -^ln+a:i2^2r, 



(26) 



\0 1 £23 ■■■ X2n ... / \^0 1 -223 ••• —32 

We have for the corresponding projections on X^: 

A ln = D ln , A 2n = x 12 D ln + D 2n , A kn y = x lk D ln + x 2k D 2 „, 2 < k < n, 

w ln {x) = {x ln + x^)(x ln - x^]) = x 12 x 2n (2x ln - x 12 x 2n ), w 2n {x) = 0, 
hence 

A (2)( s ) := ex P ~ is bmWin(x) = exp -is bmXi 2 x 2n (2x ln - x 12 x 2n ) . 

\ fc=3 / \ fc=3 / 

Let us denote by 

E kn (t) :=I + tE kn , T kn (t) = Tg kn(t) , k<n,teR (27) 
the corresponding one-parameter subgroups. We have 

( X 12 X lm s E 2rrAt) / Xlm+txi2 \ , /,\\ _ / W ln (x) if Tl^m 

V 1 X 2m ) ^ \1 x 2m +t J > Wln \ Xrj2m \ L ll ~ \ w lm {xE 2m {t)) if n=m 

so using Lemma [T^l we get 

{T 2m (t), Af 2) (x)} = r 2m (t)Af 2) (x)r 2m (-t)A^(x) = Af 2) (x£ 2m (t))A^ 



exp —is 



exp Us^&i„Wi„(x) 

V fc=3 



CXJ 

h lnW\ n {%) + b lm W lm {xE 2m (t) ) 

k=3,kj^m 

exp (-isb lm [w lm (xE 2m (t)) - w lm (x)}) = exp (isbi m (2tx l2 x lm + t 2 x 2 l2 )^ 
since 

w lm (xE 2m {t)) - w lm (x) = x 12 {x 2m + t)[2(x lm + tx 12 ) - x 12 (x 2m + t)]- 
X\ 2 X 2m (2m III 

—x\ 2 x 2m ) — Xi 2 [txi 2 x 2m +t( y 2xi m —xi 2 x 2m )+t x\ 2 ] — 2tx\ 2 xi m +t x 12 . 
Let us denote 



:= {T 2m (t), Af 2) (x)} = exp (isb lm (2tx 12 x lm + t 2 x\ 2 )) . (28) 
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Using Lemma [T9l we get 

{Tlmitl), {T 2m (t), A(2)(x)}} = {T lm (ti), (f> tjS (x)} = 

Ti m (ti)0i, s (x)Ti m (-ti)(0 tiS (x)) _1 = 0t iS (a;Ei m (ti))(0 tiS (x)) _1 = 
exp isb lm (2tx 12 (x lm + ti) + t 2 x\ 2 ) - isb lm (2tx 12 Xi m + t 2 x\ 2 ) = 

exp (isbi m x l2 2tti) . 

Finally we get for 

exp(isxi 2 ) G 

Using (J28l) we conclude that 

exp(isxi 2 xi m ) e 

Applying again Ti 2 {t) and Ti m {t) we get 

{T 12 (t),exp(isx 12 x lrn )} = T 12 (t) exp(isx 12 x lm )T 12 (-t) exp(-isx 12 x lm ) = 

exp(is(x l2 + t)x lm - isx l2 x lm ) = exp(istx l2 ), 

{T lm (t),exp(isx 12 x lm )} = T lm (t)exp(isx 12 Xi m )T lm (-t),exp(-isx 12 Xi m ) = 

exp(isx 12 (x lm + t) - isx 12 x lm ) = exp(istxi m ). 

At last we conclude that for X^ 2 ' we have exp(zsxi2), exp(isxi m ) £ m 
particular 

exp (isxi 2 ), exp(isxis) E M (2) . (29) 
For X^ 3 ^ and the corresponding projections we have 



1 112 %13 %14 ■■■ Xln 
1 X 2 3 XU ■■■ X2n 
1 X34 ... X3n 



1 —X12 -2:13+^12^23 -a;i4+a;i2X24+a;i33;34+a;i2a;23a;34 ■■■ -a;in+a;i2a;2n+a;i3a;3 rl +a;i2a;23a;3n 
1 -X23 -X2A+X2ZXZ4 ... -X2n+X23X3 n 

1 — X34 ... XZn 



1 -xi2 -^i3-a;i2 la; 23 -X li -X 1 2X24-X 1 ^X S 4 ... -X ln -X 1 ^X2„-X 1 ^X 3n 

1 -X23 -X24-X23X34 ... —X2n—X2 3 1 X3n 

,00 1 -X34 ... -X 3n 



(30) 



A? n = D ln , Af n = x 12 D ln + D 2n , Af n = x 13 D ln + x 23 D 2n + D 3n , 3 < n. 
We have 



Af 3) (x) = exp [-is 



Y blnWln(x) + Y b 2nW 2r , 



.x 



.n=3 



n=4 



exp — is 



exp — is 



Y hn(xin + ^ln)[ 2x ln ~ (^ln + ^ln)) 
n=3 
00 

Y fonfan + X2n)[2x 2n - (x 2 , 



X 



2n -r X 2n 



.n=4 
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By the same procedure as in the case of the space we can obtain that 

exp(isxi2), exp(isxi3 ) G M (3) . (31) 

We show that 

{T u (t), A^ } (x)} = exp (is b l4 (2tx n x 14: + t 2 x 2 13 ) + 624(2^23X24 + t 2 x 2 23 ) ) . 

(32) 

(compare with (1281) ). Indeed we have 

{T u (t), Af 3) (x)} = T M (t)A%(x)T M (-t)A$(x) = 

A^(xE u (t))A^(x) = 
exp ( is (b u [w u (xE u (t)) - w u (x)] + b 24 [w 2 4(xE u (t)) - W2a(x)])) , 
which implies ( 1521 . since 

w i4 (x) = (a;i4+x^ 4 1 )[2xi4-(a;i4+xf4 1 )] = -(x^ 2 1 X24+a;r3 la; 34)[2a;i4+x^ 1 a;24+a;r3 la; 34], 
and 

Wl4(^34(*)) - w 14 (x) = 
-[X^{x 2 .i + tX 23 ) + X^ 3 (x u + t)] [2(xi4 + tx 13 ) + X^{X2A + tx 23 ) + X^ 3 (x 34 + t)] 
+ {%12 X 24 + %l 3 ^34)[2Xi4 + 

x \2 ^24 "I" ^13 X34J — 

—t {x^ 2 1 x 2 a + x^ 3 x u )(2x 13 + x^ 2 l x 23 + x^ 3 ) + (x^ 2 x 23 + x^ 3 )(2x u + x^ 2 x 2 a + x^ 3 x 34 ) 
-t 2 (x 12 1 x 23 +a; 1 3 1 )(2xi3+x 12 1 X23+a; 1 3 1 ) = -t[-(x 14 +x^)xi 3 -x 13 (x u +x^)]+t 2 x 13 x 13 = 

2txi 3 x u + t 2 xl 3 . 

Using fl3T]) and (PJ we get 

4>i 3 s( x ) '■= ex P fa b lA 2tx 13 x M + 524(2^23^24 + t 2 xl 3 ) ) G M (3) , 

hence 

{T 13 (ti),0g(x)} = Trsih^^T^-h)^^))- 1 = exp (isthh^txu) , 
so exp(isxi 4 ) G M^ 3 ) and exp [25624 (2^23^24 + ^23)] e M^ 3 \ Similarly we get 

{T 24 (ti), exp [is6 2 4 (2te 2 3^24 + ^^23)]} = exp (25624^12:23), 
so exp^sa^), exp^sa^a^) G M^ 3 \ At last we get 

{T 24 (ti), exp (25x23^24)} = exp(istix 24 )- 
Finally we can obtain exp(isxk n ) in the following order on the first step: 

exp(isxi 2 ), exp(isxi 3 ); 
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on the second step: 

exp(isx\4), exp(isx 23 ), exp(isx 2 4j G , 
or symbolically in the following order: 

1 xxi xis X14 \ ( li 2i I2 

1 U8U4 , 2 2 3 2 

1 / \0 

In general we get the order 

/ 1 X12 X13 214 215 216 217 \ , o Xl 2l l2 ! l4 ! 

1 223 2 24 225 2 26 227 \ / 2 2 3 2 2 3 2 4 2 5 , 

T ? 5 T 6 T 7 > 3 3 4 3 34 3 5 . 33 

1 245 246 247 ' I o o 4 5 4 I 

\ i 2 56 2 57 / \ n n o o o 5 

Voooooi / \U0000 5 



This order is right in the general case (without any projections on X^). 
To obtain exp(z,sxi 2 ) and exp(zsxi3) on the first step we get by Lemma [T9l 

{T 23 (t), A is (x)} = T 23 (t)A ls (x)T 23 (-t)A- is (x) = A ls (x£ 23 (t))A-(x) = 
exp -is ^ h ln [w ln {xE 2 z{t)) - w ln (x)\ + b 2n [w 2n (xE 23 (t)) - w 2n (x)] \ ■ 

{ Vn=3 n=4 / J 

(34) 

Now we shall calculate wi n (xE 23 (t)) — W\ n {x) and w 2n (xE 23 (t)) — w 2n (x). We 
have by (fl"6l) 

n— 1 n— 1 

Xi n -|- X^ n ^ ] X\ r X rn , X 2rl "I - 3'2n ^ ] X 2r X rn 

r=2 r=3 

so we conclude that for n > 3 holds 

/n-l \ B2; 

(Xin+a;^ 1 )^ 23 ^ = - \J2 XlrX^n = ~ ( ^12%n + s 13^3n + £ X lr X 



n-l \ / „_i x Ba3(t) 

rn 

r=2 / \ r=4 



/ n-l n-l x 

x\ 2 (-x 2n - [^23 + t]x^ - ^ x 2r x~^) + [x i3 + tx 12 ]x 3 ^ + ^ x^x^ 1 

V r=4 r=4 / 



Ai-1 



I ^ ] X\ r X Tn tx\ 2 x 3n 4~ tX\ 2 X 3n J — Xi n + x^ n . 
\r=2 / 

For n = 3 we get x i3 + x^ 1 = — x^x^ 1 = x\ 2 x 23 hence 

(x 13 + x^) E ^ = (x l2 x 23 ) E ^ = 

^12^23 + *] = ^12^23 + ^12 = ^13 + - tx± 2 . 
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Finally we conclude that 



and 



(xin + x£)*>n = { Xln + XT "' if3<n ' (35) 

x is + x ii + tx n, if n — 3 



(x ln ±x£)^® = { Xln±XT "' if3<n ' (36) 

xi 3 ± x 13 + txi2, if n — 3 



since 



(zia-zrs 1 )^ = (2x 13 -(x 13 +a:r3 1 )) S23W = 2[x 13 +te 12 ]-(x 1 3+xr 3 1 +te 12 ) 

= X13 -Xig 1 +tei 2 . 

We have w ln (xE 23 (t)) — w ln (x) = for n > 3. For n = 3 holds 

Wl3 (^23 (0 ) -Wl3 (x) = (Xl3 +X 1 " 3 1 +tx 12 ) (xi 3 -X^ +tx 12 ) ~ (x 13 +xf 3 ) (x 13 ~X^) 

= tx 12 (x 13 + x^ + xi 3 - x^ 1 ) + t 2 x 2 2 = 2txi 2 Xi 3 + t 2 x\ 2 . 

Finally 

' 0, if 3 < n 



w ln (xE 23 (t)) - w ln (x) = < 
For (x 2n + x 2 n) E2Z ^ we nave 



( 37 ) 

2tx\ 2 X\ 3 + t 2 x 2 2 , if n = 3. 



/n-l \-E23W / n -l \-E23W 

(x 2 „ + X^f 2 ^ = " E ^2r^ = - X 23 X^ + E X^X" 1 

\r=3 / \ r=4 / 



n-l 



- (jx 23 + t]x 3 „ 1 + ]T X^xJJ = X 2n + X^ 1 - tX-J. 

Since 

(x 2n - x^ 1 )^ = [2x 2 „ - (x 2n + x^ 1 )]^ = [2x 2n - (x 2ra + x 2 l - tx^)} 

= x 2n ~~ x 2n + ^3?! 

we conclude that 

(x 2n ± x 2r ]) E ^ = x 2n ± x~ 2 l =F fa£. (38) 

Finally we have 

W 2n (x£ 23 (£))-W 2n (x) = (x 2n +X 2 „ ~tx^) (x 2n -X 2 ^+tX^) - (x 2n +X 2 „) (x 2n -X 2 ^) = 

tx 3n (x 2n + x 2n + x 2 „ — x 2n ) — t (x 3n ) = 2tx 2n x 3n — t (x 3n ) , 
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W 2n (xE 23 (t)) - W 2n (x) 

Using (JSZD and Q32) we get 



2tx 2n x 3n t (x 3n ) . 



(39) 



W fcn (xE 23 (t)) - W fcn (:r) 



2tei2Xi3 + t 2 X 



2^2 
12) 



if n = 3, = 1 



2te 2n £ 3n t 2 (x 3n ) 2 , if — 2, n > 4 
0, otherwise. 



(40) 



At last using (jMj) and (j4"Ul) we have 



{T 23 (t),A iS (x)} = exp -is 



6 13 (2te 12 xi 3 + t 2 x\ 2 ) + XI M 2 * 



j.2/ -1\2 



X 2n X 3n 



r(x 



3n , 



n=4 



Further we get 



Indeed 



{T 13 (*2){T23(*i), A is (x)}} = exp (-is& 13 2M 2 a:i3) ■ 
{T 13 (t 2 ){T 23 (t 1 ),A ls (x)}} = 



(41) 



exp 



— is& 



13 



(2tixi 2 [xi 3 + t 2 ] - t\x\ 2 ) - (2tixi 2 xi 3 - t{x 2 l2 ) ) 
= exp (-is6i 3 2tit 2 xi 2 ) , 

compare with (flDl : -[Af 3 , [Af 3 , In A]] = 26i 3 xi 2 ! We have exp(z'txi 2 ) G 
and hence exp(itx 2 2 ) G Ml. Using expression for {T 23 (ti), A ls (x)} we conclude 
that 

ML 3 {T 23 (ti), A is (a;)}exp^6 13 t 2 x 2 2 ) = 



exp —is 



6 13 (2txi 2 xi 3 ) + ^6 2 „(2t 



t 2 (* 



3n ) ) 



n=4 



SO 



M; 3 {T 12 (t 2 ), {TaaCtO, A is (x)} exp(zs6 13 t^i 2 )} = exp {-isb^hhx 



13, 



Compare with the expression — [Af 2 , [A^, In A]] = 26 13 xi 3 . Finally we con- 
clude that 

exp(itx 12 ), exp(vitxi 3 ) G (42) 
In general (without any projections) the following lemma holds 



Lemma 20 We have 



w kn {xE mm+1 (t) ) - w kn (x) 



2tx rm x rm+1 + t 2 x 2 m+1 , if n = m + l, 1 < k < m 
t 2 (x~ 1 fln ) 2 , if k = m, n > m + 2 
otherwise, 

(43) 
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hence 

{T mm+1 {t),A is (x)} = 

m— 1 oo 

exp | is b rm .j-i (2tx rm x rm + % + t x rm+ ]) + b mn (2tx mn x m ^ n t {x mJr i n ) 

r=l n=m+2 

(44) 



PROOF. The proof is similar to the proof of the Lemma [T71 □ 



To obtain another functions exp(itxk n ) in the general case we should 
make all the steps as it was indicated before. For example to obtain 
exp(zsa;i4), exp(isx23), exp(isx24) we should do the second step i.e. con- 
sider the operators 

{T u (t),A is (x)} 
and all necessary combinations. 

To obtain exp(isxi 5 ), exp(isx 2 5), exp(isx 34: ), exp(isx 34 ) we should consider 
the following operators 

{T 45 (t),A is (x)}, 

and so on. Finally we shall obtain all functions exp(isxk n ), k < n. 



5 Example of the measure 

We show that the set b = (&/t„)fc< n for which 

Skn(b) < oo, E{b) < oo, and Sj^ L (b) = 00, 1 < k < n, 

where 

OO -L qL flA OO L 

sLiP) = E r 1 , m = E s^(b) = e #tit- 

m=n+l ° nm fc<n 0fen m=n+l O nm {0) 

is not empty. Indeed let us take bk n = («fc) n - We have 

iff afc < Ofe+i, fceN, for example = s k with s > 1. Further we get 

fe=ln=fc+l k=ln=k+l vu n 7 1 a „ "fc 
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oo °° / 1 \ 1 °° dfc °° / 1 \ n ^ 

E«fc E (— j r^^Ej^V E (-) 

fc=l n=fc+l vu « / 1 a n k=l 1 a k+1 n=k+l V " n/ 

00 „ 00 / 1 \ n +l 00 _ / 1 \ ^+2 1 

k ^2 | j ~ E ( I 1 

i=i 1 -^«=w\ fl w/ fc=i 1 - ^7 WW 

1 \ fe 1 » ^7 1 



e; 1 - -2*- I a,+i ) a, +1 - 1 ^ 1 - -a 



^-^V^W flfc+i-i '^-^W a 2 -l 

If for example = s k with s > 1 we have 

- 00 1 1 

g W<I±ri: ^.)^.- 1 <°°- 



fc=i 



At last 



m=n+l Snmify m =n+l ( ^) 

\a m J 



m+1 



y- /«A.\ m /Om\ A _ On\ _ y- / a fc a m \ m / a m , _ 

mi+A a « / Va n /V a m 7 m=n+1 V a n J \a n > 
if lim m a m = 00. For = s k with s > 1 we have 

00 

S^ L (b) = s (m+k - n)m (s m - n - 1) = 00. 

m=n+l 



6 Modular operator 



We recall how to find the modular operator and the operator of canonical 
conjugation for the von Neumann algebra % P G , generated by the right regular 
representation p of a locally compact Lie group G. Let h be a right invariant 
Haar measure on G and 

p,X : G i-> f/(L 2 (G, /i)) 
be the right and the left regular representations of the group G defined by 

(Ptf)(x) = /(art), (A t /)(x) = (dh^xydhix))- 1 ' 2 /^). 

To define the right Hilbert algebra on G we can proceed as follows. Let M(G) 
be algebra of all probability measures on G with convolution 

(H*v)(s) = 

We define the homomorphism 

M(G) 3p^p^= f p t dn(t) e B(L 2 (G, h)). 

J G 



22 



We have p^p v = p^* v ', indeed 



(fp v = / ptdpit) / p s dv(s) = / / p ts dp(t)v(s) = / p t d(p*v)(t)=p^. 

JG JG JGJG JG 

Let us consider a subalgebra M h {G) := [y G M{G) \ v ~ /i) of the algebra 
M h {G) In the case when /z 6 M h (G) we can associate with the measure /i 
its Rodon-Nikodim derivative du(t)/dh(t) = f(t). When / G C$°(G) or / G 
L l (G) we can write 

/ = / f{t)ptdh(t), 

JG 

hence we can replace the algebra Mh(G) by its subalgebra identified with 
algebra of functions C^°(G) or L 1 (G, /i) with convolutions. If we replace the 
Haar measure h with some measure p G Mh(G) we obtain the isomorphic 
image of the right regular representation p in the space L 2 (G, p): T^ ,fJ- = 

UptU- 1 where U : L 2 (G,/i) h- L 2 (G,/i) defined by (C//)(x) = gg}) 1/2 /(^)- 
we have 

and 

T f = I f(t)T^dp(t). 

JG 

We have (see jl], p. 462) (we shall write T t instead of ) 

S(Tf) := (Tf)* = jW)T t -,dp(t) = jW^^T^it' 1 ) 

dp(t~ Vx 



g dp(t) 



Hence 



-f(t-i)T t dp(t). 



dpit- 1 )- 



To calculate S* we use the fact that S is antilinear so (Sf,g) = (S*g, f). We 
have 

dp(r 1 )- 



(Sf,g) = J G ^ff( t ' 1 )9(t)dp(t)= j G f(t-i)g(t)dp(r 1 ] 



G 



g(t-i)f(t)dp(t) = (S*gJ), 



hence (S*g)(t) = g(t x ). Finally the modular operator A defined by A = S*S 
has the following form (Af)(t) = fju-t\ f{p)- Indeed we have 

s dpjt- 1 ) s * dpjt) 

m " -JpW K ] dp-(F^ m - 
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Finally , since J = SA 1//2 (see jl] p. 462) we get 

A -i/2 f dfi{t~ l )\ 1/2 j dfiit- 1 ) ( dfjt(t) xV2 



1/2 



Hence 



w» (t » = (w)^^ 1 a,ld (A/)(t) = ^) /(t) ' 

To prove that JT^J = T t L ''* we get 



^Mr 1 x)V /2 /(r i l) = (2 ^ /)(:l .^ 



Remark 21 T/ie representation T R,flb is the inductive limit of the represen- 
tations T R '^ of the group B(m,M.) where the measure fi™ is the projection of 
the measure onto subgroup B(m,M). Obviously /j,™ is equivalent with the 
Haar measure h m on B(m, R). 



7 The uniqueness of the constructed factor 



Let G be a solvable separable locally compact group or a connected locally 
compact group. Then any representation 7r of G in a Hilbert space generates 
an approximately finite-dimensional von Neumann algebra (see [3]). 

Theorem 15 from V.9 p. 504 [I] (Haagerup) There exists up to isomorphism 
only one amenable factor of type 1 11%, the factor of Araki and Woods (see 

HI)- 
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